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1 Introduction

The Hirota direct method was first published in a paper by Hirota in 1971. The in-
troduction of this approach provided a direct method for finding N-soliton solutions to
non-linear evolutionary equations and, by way of an example, Hirota applied this method
to the Korteweg-deVries (KdV) equation [Hir-71], i.e.

where u = u(x,t).
As part of Hirota’s analysis he introduced a bilinear form defined as

Dt +0) = (52~ 5 ) S0 )| 2)

or, more generally 2

DD f - g) = (% —~ %)m (% — %)nf(w) -g(2)

where D is a binary operator (because it operates on a pair of functions) and is called
the Hirota derivative.

: (3)

r'=x,t'=t

On expanding an mth power of the bilinear operator of eqn. (2), we see that it results
in a binomial expression of the form

r=0 1=0

. . . m! .
where we have made use of the binomial coefficient, (T) = ‘(—), 0 <r <m. This,
rl(m —r
in turn, gives rise to a more compact form for the Hirota derivative, i.e.

lemail: graham@griffithsi.com

2Note: The Hirota derivative acts on a product of two functions in a similar way to the standard Calculus rule for
differentiation. However, there is a sign difference, e.g. Dz (f - g) = fog — fg= compared with 02(f g) = foeg + f9z.
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DYf-g= -1)' m—r)z * Yrz - 5
2023 () fine s )
This form is particularly useful for a computer algebra system (CAS) implementation, as
we see below.

Some examples of bilinear operations follow.

D2(fg) = foug—2fs00+ [0 = D2(g - f)
D Dt(f g) = D:Jc(ftg_fgt) :fwtg_ftgx_fxgt+fga:t:Dth(gf) (6)
D Dt(f f) = 2(ffor — fuf2)

(f g) = 0, (TL Odd)

Also, fundamental to Hirota’s approach was the introduction of the ancillary function
f = f(x,t), which is a logarithmic transformation defined as

P f(2,t) _ F e f2 -
2 2

where the leading constant of 2 was chosen so that, on application of this equation,

certain terms cancel to yield a quadratic in f.

u(z,t) =2

The form of function f in eqn. (7) is chosen to be a perturbation expansion, defined as

Fed) =1+ e fula ), (®)

for functions fi, fa, -, etc. yet to be found.

Now, for a given bilinear operation, say B, where we have B(f - f) = 0, the coefficient of
like powers of epsilon can be equated to zero to obtain the following set of equations,

(@) :B(1-1) =0, ”
(€):B(1-fit+ fi-1) =0,
0(62)33(1'f2+f1'f1+f2'1)=()

(€”) (I-fs+fi-fot+tfo-fi+f3-1)=0,

():B(l-fa+ fi-fs+fo-fot+tfs-fi+fu-l) =

O(e"): B (Z i fn—j) =0, (fo=1). (14)

The above scheme is general and is applicable to any explicit bilinear operator expression.
It can be shown that if the original PDE admits a N-soliton solution, then eqn. (8) will
truncate at the n = N term provided f; is the sum of precisely N simple exponential
terms. This leads to

flz,t)=1+¢€f :one soliton, (15)
flz,t)=1+€fi+ef :two solitons, (16)
flz,t)=1+efi+tElfat+efs :three solitons, (17)

etc. (18)
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We will now illustrate use of eqn. (10) by application of the bilinear examples in eqns.
(6) above, when we see that for m =1 and n =1,

Dath(]- . fl) = D.Z’(_]- : fl,t) = fl,a:t7 (19)
Dth(fl : 1) == D:L"(fl,t : 1) = fl,xta (20>
SoDD(1- fi+ fi-1) =2f1 4. (21)

Similarly, for m = 4 and n = 0 we see that

Dc4c(1 : fl) = fl,xx:m:; (22)
Di(f]. : 1) = fl,acx:r:a:; (23)
Thus, we have

A similar approach to eqn (11) yields,

(Dth + Di)(l o+ fi-fitforl)=2(fifiu— frafie)+
2 [(fQ,xt + f2,;rxxac) + (flfl,a::m:x - 4f1,;tf1,a:xac + 3f12,zm)] . (26)

We make use of these relationships to obtain appropriate dispersion relations and coupling
coefficients in the KAV examples below.

Whilst the above equations look quite complex, they do provide a route to solving evo-
lutionary equations. This will be illustrated by obtaining detailed solutions to the above
KdV equation (1) by way of example. In addition, solutions to other well known evolu-
tionary equations will be presented.

Additional expanded discussion on this method can be found in [Dra-92], [Hir-04], [Her-94]
and [Waz-09].

2 Applications of the Hirota method

2.1 Single-soliton solution to the KdV equation

The KdV equation (1) which we repeat here for convenience,

Uy + 6UlUy + Upge = 0, (27)

can be transformed by eqn (7), the so-called Cole-Hopf transformation, to yield
2
F [ft,?)xfz - 2f3:cftf - 4fxft,:cf + 4fx2ft + 4f3xfx,xf_

This equation can be written more succinctly in the following form using Hirota’s bilinear
operator,

0|1

o | 72 (D.Dy+D3) f- f| =0. (29)
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Hence, integrating once with respect to x and taking the integration functions to be zero,
the bilinear equation equivalent to eqn. (27) is

(DD + D) f - f=0. (30)

Thus, if f is a solution of eqn. (30), then u from eqn. (7) is a solution to eqn. (27). See
[Rog-82, p69-71] for a detailed discussion and derivation.

The problem has now changed to finding the auziliary function f that satisfies eqn. (30)
which, when inserted into eqn. (7), will yield w(z,t). If we try the ansatz f = 1 and
substitute this into eqn. (7), it leads to the trivial solution v = 0. However, if we try the
ansatz f; = e, where £ = k(z — ct), k = wavenumber and ¢ = wave velocity, then on
substituting f = 1+ ef; into eqn. (7), we obtain the solution

k2 (k(z—ct) 1 1
u = 0T :(k(x—ct))2 = §k28e0h2 {ﬁkz(x - ct)] , (31)

where we have set € = 1, without loss of generality.

We can simplify this solution further by substituting f; into eqn. (10), i.e.

) (—kQC—F k4) ek(xfct) — O,

where we have used B = (D, D; + D,yz..) along with eqns. (21) and (24). This leads
directly to the dispersion relation® for the KAV equation,

c =k (34)

Thus, we observe that ¢ = ¢(k) and k cannot be determined independently for the KdV
equation. With this result, we have finally arrived at the situation where the complete
solution is known, i.e.

1 1
u= §l</‘2sech2 {ék(x - th)} . (35)

This is the well known single-soliton solution for the KdV equation. A plot of this solution
is given in Fig (1).

Manual implementation of the above calculations can be rather tedious and is prone
to error, so employing a symbolic computer program is highly recommended. A Maple
program that solves this single-soliton example and generates an animation is given in
Listing (1).

Listing 1: Maple program that uses the Hirota method to derive a single-soliton solution to KdV eqn (27)

# Hirota bilinear method

# Single-soliton solution to KdV equation
restart; with(PDEtools): with(PolynomialTools):
with(plots):

alias (u=u(x,t), v=v(x,t), f=f(x,t)):

# KdV equation

pdel := diff(u,t)+6xuxdiff(u,x)+diff(u,x,x,x);

3The dispersion relation characterizes the mathematical relationship between temporal and spacial variations. For
21 2 2me
example, for a harmonic wave of the form Asin [T(I - ct)} we have wavenumber k = ~ and frequency w = > where

A represents wavelength, giving the dispersal relation w(k) = ck.
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# Define Hirota Derivatives
Hirota_Dxm:=(f,g,m)->sum((-1) "r*binomial (m,r)*diff (f,x$(m-1r))
*diff (g,x$r) ,r=0..m);
Hirota_Dtm:=(f,g,m)->sum((-1) "r*binomial (m,r)*diff (f,t$(m-r))
*diff(g,t$r) ,r=0..m);
Hirota_Dxt:=(f,g)->f*diff (g,x,t)-diff (f,x)*diff(g,t)
-diff (f,t)*diff (g,x)+diff (f,x,t)*g;
v:=2%diff (1ln(f) ,x,x);
declare (f):
pde2:=eval (subs (u=v,pdel))=0;
# Check bilinear transform correct
pde3:=simplify (pde2,size);
pde3_chk:=simplify (diff ((Hirota_Dxt (f,f)+Hirota_Dxm(f,f,4))/(£72),x),size)=0;
testeq(lhs (pde3)=1hs(pde3_chk));
# Ansatz for ’f_1°
fl:=exp(k*x(x-c*t));
Bl:=(ff1)->Hirota_Dxt(1,ffl1)+Hirota_Dxt (ff1,1)+
Hirota_Dxm(1,ff1,4)+Hirota_Dxm(ff1,1,4)=0;
eqnl:=B1(f1); # B(1.f1 + f1.1);
soll:=solve(simplify(eqnl,symbolic),c);

c:=soll;
# Single soliton ancilliary solution
F:=1+f1;

# Single soliton solution

soln:=u=normal (2%diff (1n(F) ,x,x));

# Check solution solution

pdetest (soln,pdel);

# Animate result

zz1:=subs ({k=sqrt (2)},rhs(soln));

animate (zz1,x=-50..50,t=-20..20,
numpoints=300, frames=50, axes=framed,
labels=["x","u(x,t)"],thickness=3,
title="KdV Equation: Single-soliton solution",
labelfont=[TIMES, ROMAN, 16],axesfont=[TIMES, ROMAN, 16],
titlefont=[TIMES, ROMAN, 16]);

KdV Equation: Single-soliton solution

1_
0.81
0.6
u(xﬁt’) 0 4_
0.2

0-1_'_|_'_I_'_I_'_I_'_I_'_I

-20 -10 0 10 20 30

X

Figure 1: Initial animation profile for KAV equation solution, u(z,t) = %stech2 [$k(z — k2t)], att = —20,
for k = 1. The soliton moves left to right.

2.2 Two-soliton solution to the KdV equation
This problem is similar to the single-soliton problem except that the auxilliary function
f has an additional term, so we now need to find f; and f;. Because we are seeking

a two-soliton solution, we use a two-term form of f; that was successful for the single
soliton case, i.e. f; = e + €%, along with the ansatz fo = a12e€7%), where a;5 is
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a coupling constant yet to be determined. This enables us to construct the auxilliary
function, f =1+ ef) + € fo.

The form for f, is not an arbitrary choice but, rather, is suggested by eqn (11) which
evaluates to

Bl fo+ fol) + B(fi- f1) = B(1- fa+ fo- 1) — 6kiko (ky — ko)* €97 = 0. (36)
For eqn (36) to be equal to zero, clearly, the first term must be of the form,
B(l . fg + fg . 1) = (112€§1+52. (37)
We now substitute the auzilliary function f into eqn. (7) to obtain the solution
2 (ke + k3e® + arp(ky + ko)?e12))

= (1 + e + €& + ape+e) :

2 (k1€£1 + k2€§2 + a12(k1 + k2)€(51+§2))2 (38)
(14 €61 + e&2 + appeléi+éa))? '

Where, again without loss of generality, we have set ¢ = 1.

As for the single-soliton solution, we can obtain the dispersion relations by substituting,
in turn, the 15" and 2" terms of f; into eqn. (10), to obtain

Cl = k%, Cy = k% (39)

Also, on substituting f; and f; into eqn. (11) we obtain an expression which can now be
solved for the coupling constant in terms of wave numbers, k; and ky. This yields,

(k1 — k)?

—(/ﬁ ) (40)

Q12 =

We now have a fully defined two-soliton solution for KdV eqn (27). A plot of this solution
is given in Fig (2).

A Maple program that solves this two-soliton example and generates an animation is
given in Listing (2).

Listing 2: Maple program that uses the Hirota method to derive a two-soliton solution to KdV eqn (27)

# Hirota bilinear method

# Two-soliton Solution to KdV equation

restart; with(PDEtools): with(PolynomialTools):
with(plots):

alias (u=u(x,t), v=v(x,t), f=f(x,t)):

# KdV equation

pdel := diff(u,t)+6xu*xdiff (u,x)+diff(u,x,x,x);
# Convert to potential form
pde2 := subs(u=diff(v,x), pdel);

# Integrate once wrt x

pde3:=int (pde2,x);

# Define Hirota Derivatives

Hirota_Dxm:=(f,g,m)->sum((-1) “r*binomial (m,r)*diff (f,x$(m-r))
x*diff (g,x$r) ,r=0..m);
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Hirota_Dtm:=(f,g,m)->sum((-1) "r*binomial (m,r)*diff (f,t$(m-r))
x*diff (g,t$r) ,r=0..m);
Hirota_Dxt:=(f,g)->f*diff(g,x,t)-diff (f,x)*diff(g,t)
-diff (f,t)*diff (g,x)+diff (f,x,t)*g;
v1:=2*%diff (1In(£f) ,x); # equivalent to ==>> u=2*xdiff(1ln(f),x,x)
declare (f):
pde4d :=eval (subs (v=vl,pde3))=0;
# Check bilinear transform correct
pdeb:=simplify (pde4*(£f°2/2) ,size);
pde5_chk:=(Hirota_Dxt(f,f)+Hirota_Dxm(f,f,4))/2=0;
testeq(lhs (pdeb5)=1hs (pde5_chk));
# Ansatz for ’f_1°
fll:=exp(k[1]1*(x-c[1]1*t)); f12:=exp(k[2]I*(x-c[2]*t));
fl:=f11+£12;
Bl:=(ff1)->Hirota_Dxt (1,ff1)+Hirota_Dxt (ff1,1)+
Hirota_Dxm(ff1,1,4)+Hirota_Dxm(1,ff1,4)=0;
eqnia:=B1(f11); # B(1.f1 + f1.1);
eqnib:=B1(f12); # B(1.£f2 + £2.1);
soll:=solve(simplify ({eqnla,eqnib},symbolic) ,{c[1],c[2]3});
assign(soll); # ==>> Dispersion relations
# Ansatz for ’f2’ suggested by equation: B(1.f2+f1.f1+£f2.1)=0
f2:=a[12]*combine (f11xf12) ;
# Two-soliton ancilliary function
F:=1+f1+£2;
B2:=(ff1,ff2)->Hirota_Dxt (1,ff2)+Hirota_Dxt (£ff2,1)+
Hirota_Dxm(1,ff2,4)+Hirota_Dxm(ff2,1,4)+
Hirota_Dxt (ff1,ff1)+Hirota_Dxm(ff1,ff1,4);
eqn2:=simplify (B2(f1,£f2),size)=0;
al[12]:=factor(simplify(solve(eqn2,a[12]),symbolic));
# Two-soliton solution
soln:=u=simplify (2*diff (1n(F) ,x,x) ,size);;
# Check solution
pdetest (soln,pdel);
# Animate result
zz1l:=subs ({k[1]=1,k[2]=sqrt (2)},rhs(soln));
animate (zz1,x=-50..50,t=-20..20,
numpoints=300, frames=100, axes=framed,
labels=["x","u(x,t)"],thickness=3,
title="KdV Equation: Two-soliton solution",
labelfont=[TIMES, ROMAN, 16],axesfont=[TIMES, ROMAN, 16],
titlefont=[TIMES, ROMAN, 16]);

KdV Equation: Two-soliton solution

0.81
u(x,t) g 4]
0.21

-20  -10 0 10 20 30

Figure 2: Initial animation profile for KdV equation two-soliton solution, eqn. (38), at t = —20, for k =1
and ks = v/2. Solitons move left to right with the taller faster soliton overtaking the shorter slower soliton.
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2.3 Three-soliton solution to the KdV equation

This problem is similar to the two-soliton problem except that the auzilliary function f
has an additional term, so we now need to find f;, f; and f3. Because we are seeking a
three-soliton solution, we use three-term forms of f; and f5 that were successful for the
two-soliton case, i.e. fi = €& + €2 4 €8 and fo = 1268178 4 q13eE1188) L goge(é2tEs)
along with the ansatz f3 = bioses 278 where coupling constants ais, ais, asz and byas
are yet to be determined. This enables us to construct the auxilliary function, f =

Lt+efi+efo+€fs

The a;; auxillary coupling constants are determined as for the two-soliton case. On
substituting in turn all combinations of two terms from fs, i.e. 1% and 2"?; 1% and 3"%;
274 and 374 into eqn. (11), we obtain expressions which can be solved for these coupling
constants in terms of wave numbers, ki, ko and k3.

Similarly to f, in the two-soliton case, the form for f5 is not an arbitrary choice but,
rather, is suggested by eqn (12) which evaluates to

B(1-fs+ fs-D)+B(fi-fi+ fo-fo) =B(1-fs+ f3-1)—
6 (ko — ks)® (ki — ks)® (k1 — ka)? (ky + ko + k3>651+£2+£3 —0.

41
(k1 + ko) (k1 + k3) (ko + k3) (41)

For eqn (41) to be equal to zero, clearly, the first term must be of the form,
B(1- f3+ fa- 1) = byggetr T2 148, (42)

We now substitute the auzilliary function f into eqn. (7) to obtain the solution

N, Ny \ 2
= _—2(== 4
u=13 (D) (43)

where

Nl :2&12 (kl + k2)2 €£1+£2 + 2&13 (k'l + ]€3)2 €£1+£3 + 2@23 (]{ZQ + ]{33)2 €§2+£3+

216 + 2k, + 2037 + 2b1os (ky + Ky + ky)? S TETES (44)
Ny =a15 (ki + ko) €572 4 ayg (ky + k3) €975 1 agg (kg + k) €275 +

bios (k1 + ko + k) €572 4 et 4 ke + kge®) (45)
D, =1+ €St 4 82 o83 a12661+§2 + a136€1+63 + a23€§2+$3 + [)123661-&-52—&{37 (46)
Dy =D;. (47)

Again, without loss of generality, we have set € = 1 in eqn. (8).

Similarly to the two-soliton solution, we can obtain the dispersion relations by substitut-
ing, in turn, the 15, 2"¢ and 3"¢ terms of f; into eqn. (10), to obtain

C1 = k?%, Cy = k’g, C3 = k??z’ (48)

We now substitute pairs of f; terms along with the coresponding term of f, into eqn.
(11), i.e. terms 1 and 2 of f; plus term 1 of f; inserted into eqn. (11) yields an expression
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that can be solved for a;5. Coupling constants a;3 and as3 are found in the same way to
yield,
(k1 — ko) (k1 — k3)? (kg — k3)?

gy TR _ 49
it k)2 BT it ka)? 27 (h + ky)? (49)

a1z =
Similarly, on substituting fi, fo and f3 into eqn. (12) we obtain an expression which can
be solved for the coupling constant bjs3 in terms of wave numbers, ky, ko and k3. This
yields,

(ko — ks)?(ky — k3)?(k1 — k2)?

(Ko + k3)2(ky + k3)2(ky + ko)2’ (50)

b123 =

We now have a fully defined three-soliton solution for KdV eqn (27). A plot of this
solution is given in Fig (3).

A Maple program that solves this three-soliton example and generates an animation is
given in Listing (3).

Listing 3: Maple program that uses the Hirota method to derive a three-soliton solution to KdV eqn (27)

# Hirota bilinear method
# Three-soliton Solution to KdV equation
restart; with(PDEtools): with(PolynomialTools):
with(plots):
alias (u=u(x,t), v=v(x,t), f=f(x,t)):
# KdV equation
pdel := diff(u,t)+6xuxdiff (u,x)+diff(u,x,x,x);
# Define Hirota Derivatives
Hirota_Dxm:=(f,g,m)->sum((-1) "r*binomial (m,r)*diff (f,x$(m-r))
x*diff (g,x$r) ,r=0..m);
Hirota_Dtm:=(f,g,m)->sum((-1) "r*binomial (m,r)*diff (f,t$(m-r))
xdiff (g,t$r) ,r=0..m);
Hirota_Dxt:=(f,g)->f*diff (g,x,t)-diff (f,x)*diff(g,t)
-diff (f,t)*diff (g,x)+diff (f,x,t)*g;
v:=2%diff (In(f) ,x,x);
declare (f):
pde2:=eval (subs (u=v,pdel))=0;
# Check bilinear transform correct
pde3:=simplify(pde2,size);
pde3_chk:=simplify (diff ((Hirota_Dxt (f,f)+Hirota_Dxm(f,f,4))/(£"2),x),size)=0;
testeq(lhs (pde3)=1hs(pde3_chk));
# Ansatz for ’f_1°
fll:=exp(k[11*(x-c[11*t)); f12:=exp(k[2]1*(x-c[2]1*t));
f13:=exp(k[3]*(x-c[3]*t)); f1:=f11+f12+f13;
Bl:=(ff1)->Hirota_Dxt (1,ff1)+Hirota_Dxt (ff1,1)+
Hirota_Dxm(ff1,1,4)+Hirota_Dxm(1,ff1,4)=0;
eqnla:=B1(f11); # B(1.f1 + f1.1);
eqnib:=B1(f12); # B(1.£f2 + £2.1);
eqnlc:=B1(£f13); # B(1.£f3 + £3.1);
soll:=solve(simplify({eqnla,eqnib,eqnic},symbolic) ,{c[1],c[2],c[3]1});
assign(soll);
# Ansatz for ’f2’ suggested by equation: B(1.f2+f1.f1+£f2.1)=0
f21:=a[12]*combine (f11*x£f12); f22:=a[13]*combine(f11*x£f13);
f23:=a[23]*combine (f12*xf13); f2:=f21+f22+f23;
B2:=(ff1,ff2)->Hirota_Dxt(1,ff2)+Hirota_Dxt (ff2,1)+
Hirota_Dxm(1,ff2,4)+Hirota_Dxm(ff2,1,4)+
Hirota_Dxt (ff1,ff1)+Hirota_Dxm(ff1l,ff1,4);
eqn2a:=simplify (B2(£f11+£12,£21) ,size);
eqn2b:=simplify (B2(£f11+£13,£22) ,size);
eqn2c:=simplify (B2(£f12+£f13,£23) ,size);
al[12] :=factor(simplify(solve(eqn2a,a[12]),symbolic));
al[13]:=factor(simplify(solve(eqn2b,a[13]),symbolic));
al[23]:=factor(simplify(solve(eqn2c,a[23]),symbolic));
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# Ansatz for ’f3’ suggested by equation: B(1.f3+f1.f2+f2.f1+£3.1)=0
f3:=b[123]*combine (f11*xf12*xf13) ;
# Three-soliton ancilliary function
F:=1+f1+f2+£3;
B3:=(ff1,ff2,ff3)->Hirota_Dxt (1,ff3)+Hirota_Dxt (£f£f3,1)+
Hirota_Dxm(1,ff3,4)+Hirota_Dxm(f£f3,1,4)+
Hirota_Dxt (ff1,ff2)+Hirota_Dxm(£ff1l,ff2,4)+
Hirota_Dxt (ff2,ff1)+Hirota_Dxm(ff2,ff1,4);
F2:=B3(f1,f2,f3):
F3:=so0lve(F2,b[123]):
b[123]:=factor(simplify (F3,symbolic)); # b[123]:=al[12]*a[13]1*a[23];
# Three-soliton solution
soln:=u=simplify (2*diff (1In(F) ,x,x) ,size);
# Check solution - Can take a long time!!
pdetest (soln,pdel);
# Animate result
zz1l:=simplify (subs ({k[1]=1,k[2]=sqrt(2) ,k[3]=2},rhs(soln)) ,size);
animate (zz1,x=-50..50,t=-10..10,
numpoints=300, frames=100, axes=framed,
labels=["x","u(x,t)"],thickness=3,
title="KdV Equation: Three-soliton solution",
labelfont=[TIMES, ROMAN, 16],axesfont=[TIMES, ROMAN, 16],
titlefont=[TIMES, ROMAN, 16]);

KdV Equation: Three-soliton solution

1.8
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u(x,t) 11
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-40 -20 0 20 40
X
Figure 3: Initial animation profile for KdV equation three-soliton solution, eqn. (43), at ¢ = —10, for

k=1, k2 = v/2 and ks = 2. Solitons move left to right with the taller faster solitons overtaking the shorter
slower solitons.

2.4 Four-soliton solution to the KdV equation

This problem is similar to the three-soliton problem except that the auxilliary function
f has an additional term, f;. So now we need to find f;, fo, f3 and f;. Because we are
seeking a four-soliton solution, we use four-term forms of f;, fo and f5 that were success-
ful for the three-soliton case, i.e. f; = €& + €52 + €8 + €84, f, = a10e&1€2) 4 gqqeE1188) 4
apeértés) 4 a23e(£2+§3) + aggeléetés) 4 a34€(§3+€4)7 fs = 1ozt Te2TEs | o ef1téatés 4
bigaeftTHee o pys 288 glong with the ansatz fi = cio3ef 79284 where coupling
constants ais, a13, A14, 23, Aog, D123, D124, b134, bo34 and cqo34 are yet to be determined. This
enables us to construct the auxilliary function, f = 1 + ef) + €2fs + €3 f3 + € 4.

The a; ; auxillary coupling constants and the b;;;, auxillary coupling constants are deter-
mined as for the three-soliton case. On substituting in turn all combinations of three
terms from f3, into eqn. (12), i.e. 1%, 2" and 37¢; 15¢, 274 and 4%; 1, 374 and 4%h; 214,
3% and 4": we obtain expressions which can be solved for these coupling constants in
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terms of wave numbers, ki, ko, k3 and kj.

Similar to f3 in the three-soliton case, the form for f; is not an arbitrary choice but,
rather, is suggested by eqn (13) which evaluates to

B(1-fa+fa-V)+B(fi-fs+fo-fot+fa-f1) =B fa+ fa-1)—

6 Q efrHéatéatts 0 (51)
(k1 + ko)? (kg + k3)® (ky + ka)? (ko + k3)® (ko + ka)? (ks + ka)®
where () is a complicated expression involving wave numbers, k;, i = 1,--- , 4.
For eqn (51) to be equal to zero, clearly, the first term must be of the form,
B(1- fa+ fa-1) = crosett Tt (52)

We now substitute the auzilliary function f into eqn. (7) to obtain the solution
2
u:%—l—Q(%) : (53)
where Ny, Ny, Dy and D, are defined below. A plot of ths solution is given in Fig (4).
Ny =2k, %5t + 2ky%e% + 2ks?e® + 2ky%e% + 2 (ky — ko) €572 £ 2 (kg — ks)? 511804

2 (k1 — ka)® €978 + 2 (kg — k3)® €275 42 (kg — ka)? €270 42 (ky — ky)? e5F80 1

21s (K + K + k3)? €TV 4 2b1oy (ky + iy + ky)? 5T

Dbysy (ki + ks + kg)® €858 L Obooy (g + ks + ky)” 828784

21934 (k1 + ki + ks + ky)? TG (54)

-Dl =1+ 651 + 652 + 653 + 654 + (112€£1+£2 + a13€§1+§3 + a14651+§4+
a23652+§3 4 a24e§2+§4 + a34€£3+€4 + 6123651+§2+§3 + b124e§1+£2+£4_'_

b134e€1+£3+§4 +b234652+§3+£4 +612346§1+€2+£3+£4. (55)

(ky — k)2 8178 (ky — ky)? S1¥6s
k1 + ko ki + ks
(ki — k)2 €548 (ky — ks)? €218 (kg — ky)? e2t8 (kg — ky)? et
ki Ky ko + k3 ko + ky ks + ky
b123 (kl + ko + /Cg) ef1éetes + b124 (/ﬁ + ko + k-4) efl+£2+§4_|_
bi34 (kl + ks + k’4) g1 Heatés + bosq (k‘z + k3 + ]{;4) €§2+€3+E4+
Cro3a (k1 + ko + ks + ky) ST Test (56)

N2 :]{?1651 + k?26§2 + k’g@g‘g + ]{34654 +

D2 =1+ efl + 652 + 653 + 654 + a12651+§2 + a13€fl+53 + a14€§1+f4 + a23€§2+§3+
a24e§2+54 + a34e§3+§4 + b123€£1+§2+§3 + 61246514-524-54 + b1346£1+£3+€4_|_
b234e§2+§3+§4 + 01234€€1+§2+§3+§4_ (57)

Where, again without loss of generality, we have set € = 1 in eqn. (8).

As for the single-soliton solution, we can obtain the dispersion relations by substituting,
in turn, the four terms of f; into eqn. (10), to obtain

C1 :k%, CQZI{?;, 0321{332), C4:]€z. (58)
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The coupling constants a, b and ¢ are determined as described above and yield,

(ky — ko) (ky — ks)? (k1 — ka)?
a2 = 5, A13 = 3, A14 = 2"
(k1 + ko) (k1 + ks3) (k1 + k4)
(ks — ks)” (ks — ka)® (ks — k)’
ag3 = 5, A24 = 5, A34 = 2"
(k2<+-k3) (k2‘+'k4) (k3'+'k4)
- (ks ks)? (k1 — ks3)® (ky — ko)® bips (ky — kq)? (k1 — ka)® (k1 — ke
(kg + k) (ky + ks)? (k1 + ko) (ko + ka)® (k1 4 ka)® (ks + K
- (ks = ka)” (k1 — Fa)” (k1 — ks)® - (kg — ka)? (kg — ka)® (k2 — k
(k3 + ka)? (ky + ka)? (k1 + k3)? (ks + ka)? (ko 4 ka)? (g + ks

C1234 =

(ks + ka)® (ko 4 ka)? (ko + k3)® (b + ka)® (k1 + ks

(ks — ka)? (ke — ka)? (kg — k3)® (k1 — ka)® (ky — ks)” (ky — ko)?
) (ky + ka)®

(59)

(60)

(63)

We now have a fully defined four-soliton solution for KdV eqn (27). A plot of this solution

is given in Fig (4).

A Maple program that solves this four-soliton example and generates 2D and 3D anima-

tions, is given in Listing (4).

Listing 4: Maple program that uses the Hirota method to derive a four-soliton solution to KdV eqn (27)

# Hirota bilinear method

# Four-soliton Solution to KdV equation

restart; with(PDEtools): with(PolynomialTools):

with(plots):

alias (u=u(x,t), v=v(x,t), f=f(x,t)):

# KdV equation

pdel := diff(u,t)+6*u*xdiff (u,x)+diff (u,x,x,x);

# Define Hirota Derivatives

Hirota_Dxm:=(f,g,m)->sum((-1) "r*binomial (m,r)*diff (f,x$(m-1r))
*diff (g,x$r) ,r=0..m);

Hirota_Dtm:=(f,g,m)->sum((-1) "r*binomial (m,r)*diff (£f,t$(m-r))
*diff(g,t$r) ,r=0..m);

Hirota_Dxt:=(f,g)->f*diff(g,x,t)-diff (f,x)*diff(g,t)
-diff (f,t)*diff (g,x)+diff (f,x,t)*g;

v:=2%diff (In(f) ,x,x);

declare (f):

pde2:=eval (subs (u=v,pdel))=0;

# Check bilinear transform correct

pde3:=simplify (pde2,size);

pde3_chk:=simplify (diff ((Hirota_Dxt(f,f)+

Hirota_Dxm(f,f,4))/(£f°2),x),size)=0;

testeq(lhs (pde3)=1hs (pde3_chk));

# Ansatz for ’f_1°

fll:=exp(k[1]*(x-c[1]*t)); f12:=exp(k[2]I*(x-c[2]*t));

£13:=exp (k[3]1*(x-c[3]1*t)); fld:=exp(k[4]1*(x-c[4]1*t));

fl1:=£f11+f12+£13+f14;

Bl:=(ff1)->Hirota_Dxt (1,ffl1)+Hirota_Dxt (ff1,1)+

Hirota_Dxm (ff1,1,4)+Hirota_Dxm(1,ff1,4)=0;

eqnla:=B1(f11); # B(1.f1 + f1.1);
eqnib:=B1(£f12); # B(1.£f2 + £f2.1);
eqnlc:=B1(f13); # B(1.£f3 + £3.1);
eqnld:=B1(f14); # B(1.£f3 + f4.1);

soll:=solve(simplify({eqnla,eqnib,eqnlic,eqnid}, symbolic),

assign(soll);

# Ansatz for
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f21:=a[12]*combine (f11*xf12); f22:=a[13]*combine(f11*f13);

f23:=a[14]*combine (f11xf14); f24:=a[23]*combine (f12*xf13);

f25:=a[24]*xcombine (f12*xf14); f26:=a[34]*combine (f13*f14);

£2:=£21+f22+£f23+f24+£25+f26;

B2:=(ff1,ff2)->Hirota_Dxt (1,ff2)+Hirota_Dxt (ff2,1)+
Hirota_Dxm(1,ff2,4)+Hirota_Dxm(ff2,1,4)+
Hirota_Dxt (ff1,ff1)+Hirota_Dxm(ff1l,ff1,4);

eqn2a:=simplify (B2(£f11+£12,£21) ,size);
eqn2b:=simplify (B2(£f11+£f13,£22) ,size);
eqn2c:=simplify (B2(£f11+£f14,£23) ,size);
eqn2d:=simplify (B2(£f12+£13,f24) ,size);
eqn2e :=simplify (B2 (f12+f14,£25) ,size);
eqn2f :=simplify (B2(£f13+£f14,£f26) ,size);
al12] :=factor(simplify(solve (eqn2a,al[12]),symbolic));
al[13]:=factor(simplify(solve (eqn2b,a[13]),symbolic));
al[14]:=factor(simplify(solve(eqn2c,a[14]),symbolic));
al[23]:=factor(simplify(solve (eqn2d,a[23]),symbolic));
al[24] :=factor(simplify(solve (eqn2e,a[24]),symbolic));
al[34]:=factor(simplify(solve(eqn2f ,a[34]),symbolic));
# Ansatz for ’£f3’ suggested by equation: B(1.f3+f1.f2+f2.f1+£3.1)=0
£31:=b[123]*combine (f11*xf12*£f13);
f32:=b[124]*xcombine (f11*xf12*f14);
£33:=b[134]*combine (f11*xf13*xf14) ;
£f34:=b[234]*combine (f12*xf13*f14); f3:=f31+f32+£33+f34;
B3:=(ff1,ff2,ff3)->Hirota_Dxt(1,ff3)+Hirota_Dxt (f£f3,1)+
Hirota_Dxm(1,ff3,4)+Hirota_Dxm(f£f3,1,4)+
Hirota_Dxt (ff1,ff2)+Hirota_Dxm(£ff1l,ff2,4)+
Hirota_Dxt (ff2,ff1)+Hirota_Dxm(ff2,ff1,4);
eqn3a:=simplify (B3(f11+£f12+£f13,£f21+£f22+f24,£f31) ,symbolic):
eqn3b:=simplify (B3 (£f11+£f12+f14 ,£f21+£23+£f25,£32) ,symbolic):
eqn3c:=simplify (B3 (f11+£f13+f14,£f22+£23+£f26,£f33) ,symbolic):
eqn3d :=simplify (B3 (f12+f13+f14,f24+f25+f26,f34) ,symbolic):
#t:=0;x:=0;
sol_123:=factor (simplify(solve({eqn3al},{b[123]}) ,size));
sol_124:=factor (simplify(solve ({eqn3b},{b[124]1}) ,size));
sol_134:=factor (simplify(solve({eqn3c},{b[134]}) ,size));
sol_234:=factor(simplify(solve({eqn3d},{b[234]}) ,size));
assign(sol_123,s01_124,s01_134,s01_234);
# Ansatz for ’f4’ suggested by equation: B(1.f4+f1.f3+f2.f2+£f3.f1+f4.1)=0
f4:=c[1234]*combine (f11*xf12*xf13*xf14);
F:=1+f1+f2+f3+f4;
B4:=(ff1,ff2,ff3,ff4)->Hirota_Dxt(1,ff4)+Hirota_Dxm(1,ff4,4)+
Hirota_Dxt (ff4,1)+Hirota_Dxm(ff4,1,4)+
Hirota_Dxt (ff1,ff3)+Hirota_Dxm(ff1,ff3,4)+
Hirota_Dxt (ff3,ff1)+Hirota_Dxm(£ff3,ff1,4)+
Hirota_Dxt (ff2,ff2)+Hirota_Dxm(ff2,ff2,4);
F2:=B4(f1,f2,f3,f4):
F3:=so0lve(F2,c[1234]):
# c[1234] :=a[12]*a[13]*a[14]*a[23]*a[24]*a[34];
c[1234]:=factor (simplify (F3,symbolic));
# Four-soliton solution
soln:=u=2*xdiff (1n(F) ,x,x);
# Animate result
zz1l:=simplify (subs ({k[1]=1,k[2]=sqrt(2) ,k[3]=2,k[4]=3},rhs(soln)) ,size):
animate (zz1,x=-50..50,t=-5..5,
numpoints=300, frames=30, axes=framed,
labels=["x","u(x,t)"],thickness=3,
title="KdV Equation: Four-soliton solution",
labelfont=[TIMES, ROMAN, 16],axesfont=[TIMES, ROMAN, 16],
titlefont=[TIMES, ROMAN, 16]);
animate3d(zzl,x=-50..50,y=-50..50,t=-5..5,
frames=10, axes=framed, grid=[100,100],
gridstyle=triangular ,style=patchnogrid, shading=ZHUE,
title="1D-KdV Equation: Four-soliton solution",

Graham W Griffiths 13 10 March 2012



labelfont=[TIMES, ROMAN, 16],axesfont=[TIMES, ROMAN, 16],
titlefont=[TIMES, ROMAN, 16],labels=["x","y","u(x,t)"],
orientation=[55,55]) ;

#Check Solution - takes a long time on Maple 16 !!

pdetest (soln,pdel);

KdV Equation: Four-soliton solution

1
0 J k J\./\
-40 -30 -20 -10 0 10 20

X

Figure 4: Initial animation profile for KAV equation four-soliton solution, eqn. (53), at t = —5, for k = 1,
ko = \/5, ks = 2 and k4 = 3. Solitons move left to right with the taller faster solitons overtaking the shorter
slower solitons.

2.5 Two-Soliton solution to the Boussinesq equation
Ug — Ugg — 3(U?)gp — Usge = 0. (64)

If we substitute eqn. (7) into eqn. (64) we obtain,

f4
+ 2fttxxf3 - 4f3x2f2 + (48fr3 + 8f:cf2) f3$ - 4f:c.fttxf2 - 4ftxxftf2
+ 12fxx3f + (6f2 - 36fx2) fx:c2 - 2f (12fx2 - 2ft2 + fttf) .fcm:
+ 162 frafif — 12fm2ft2 + 12fﬂc4 - 4ftac2f2 + 4fa:2fttf} =0.

Then, using Hirota’s bilinear operator, the result can be expressed in the following suc-
cinct bilinear form

82 1 2 2 4 _
7 | (Di=De=D3)(F- | =0 (66)

Hence, integrating twice with respect to x and taking the integration functions to be
zero, the bilinear equation equivalent to eqn (64) is

B(f - f)=(Di = Dz = D) (f - ) =0. (67)

Thus, if f is a solution of eqn. (67), then u from eqn. (7) is a solution to eqn. (64). See
[Rog-82, p69-71] for a detailed discussion and derivation.

If we now follow the same procedure as for the two-soliton solution to the KdV equation
we obtain the following solution,

2 [(1{322€€1 + k% 4 (ky + k2)2) A28 1€ ((k1 — kg)Q ef? + k‘12) es1 + /{?22652}
(]_ + 651 _|_ 652 + a12€§1+52)2 ’

u =

(68)

Graham W Griffiths 14 10 March 2012



As for the KdV two-soliton solution, we obtain the dispersion relations by substituting,
in turn, the two terms of f; into eqn. (10), to obtain

1 =+EV1+k? co=+£V1+k)? (69)
We choose the positive solutions.

Then on substituting f; and f, into eqn. (11) we obtain the following expression for the
coupling constant,

VIRV H k® — 1= 2k — 2ko? + 3kiky
V14 k21 k? — 1 — 2K,2 — 3kiky — 202

19 (70)

We now have a fully defined two-soliton solution to Boussinesq eqn (64). A plot of this
solution is given in Fig (5).

A Maple program that solves this two-soliton example and generates an animation is
given in Listing (5).

Listing 5: Maple program that uses the Hirota method to derive a two-soliton solution to Boussinesq eqn
(64)

# Hirota bilinear method
# Two-soliton Solution to Boussinesq equation
restart; with(PDEtools): with(PolynomialTools):
with(plots):
alias (u=u(x,t), v=v(x,t), f=f(x,t)):
# Bousinesq equation
pdel := diff(u,t,t)-diff (u,x,x)-3*diff(u"2,x,x)-diff(u,x,x,x,x);
# Define Hirota Derivatives
Hirota_Dxm:=(f,g,m)->sum((-1) "r*binomial (m,r)*diff (f,x$(m-r))
*diff (g,x$r) ,r=0..m);
Hirota_Dtm:=(f,g,m)->sum((-1) “r*binomial (m,r)*diff (£f,t$(m-1r))
*diff (g,t$r) ,r=0..m);
Hirota_Dxt:=(f,g)->f*diff (g,x,t)-diff (f,x)*diff(g,t)
-diff (f,t)*diff (g,x)+diff (f,x,t)*g;
v:=2%diff (In(f) ,x,x);
declare (f):
pde2:=eval (subs (u=v,pdel))=0;
# Check bilinear transform correct
pde3:=simplify(pde2,size);
pde3_chk:=simplify (diff ((Hirota_Dtm(f,f,2)-Hirota_Dxm(f,f,2) -
Hirota_Dxm(f,f,4))/f"2,x,x),size)=0;
testeq(lhs (pde3)=1hs (pde3_chk));
# Ansatz for ’f_1°
fll:=exp(k[1]1*(x-c[1]1*t)); f12:=exp(k[2]I*(x-c[2]*t));
fl:=f11+£12;
Bl1:=(ff1)->Hirota_Dtm(1,ff1,2)+Hirota_Dtm(ff1,1,2)-
(Hirota_Dxm(1,ff1,2)+Hirota_Dxm(ff1,1,2))-
(Hirota_Dxm(1,ff1,4)+Hirota_Dxm(ff1,1,4))=0;
eqnia:=B1(f11); # B(1.£f1 + f1.1);
eqnib:=B1(f12); # B(1.f2 + £f2.1);
soll:=solve(simplify({eqnla,eqnibl},symbolic) ,{c[1],c[2]});
# Note: Boussinesq eqn has +/- velocity values.
# Therefore waves can travel in opposite directions!
solll:=allvalues(soll[1]);soll2:=allvalues(soll[2]);
assign(sol11[1],s0112[1]1); c[1];c[2];
# Ansatz for ’f2° suggested by equation: B(1.f2+f1.f1+£f2.1)=0
f2:=a[12]*combine (f11xf12) ;
# Two-soliton ancilliary function
F:=1+f1+£f2;
B2:=(ff1,ff2)->(Hirota_Dtm(1,ff2,2)+Hirota_Dtm(£f£f2,1,2))-
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(Hirota_Dxm(1,ff2,2)+Hirota_Dxm(£ff2,1,2))-
(Hirota_Dxm(1,ff2,4)+Hirota_Dxm(ff2,1,4))+
(Hirota_Dtm (ff1,ff1,2)-Hirota_Dxm(ff1,ff1,2) -
Hirota_Dxm(ff1,ff1,4));
f1;£2;
eqn2:=simplify (B2(£f1,£2),size)=0;
al12] :=factor(simplify(solve(eqn2,a[12]),symbolic));
# Two-soliton solution
soln:=u=simplify (2*diff (1n(F) ,x,x),size);;
# Animate result
zz1l:=simplify (subs ({k[1]=1,k[2]=1/2},rhs(soln)),symbolic);
animate (zz1,x=-200..150,t=-130..95,
numpoints=1000, frames=50, axes=framed,
labels=["x","u(x,t)"],thickness=3,
title="Boussinesq Equation: Two-soliton solution",
labelfont=[TIMES, ROMAN, 16],axesfont=[TIMES, ROMAN, 16],
titlefont=[TIMES, ROMAN, 16]);
# Check Solution - takes a long time with Maple 16
simplify (subs(soln,pdel),symbolic);

Boussinesq Equation: Two-soliton solution
0.5

0.4

0.
uxn o,

0.1 ,\

-100 0
X

100

Figure 5: Initial animation profile for Boussinesq equation two-soliton solution, eqn (68), at ¢ = —130, for
k =1 and k2 = 1/2. Solitons move left to right with the taller faster soliton overtaking the shorter slower

soliton.

2.6 Two-Soliton solution to the Sawada-Kotera equation

The Sawada-Kotera (SK) equation is given by,
up + 450Uy + 15Uptyy + 15uts, + Use = 0.

(71)

This equation is also known as the Caudrey-Dodd-Gibbon equation (CDGE).

To demonstrate that the bilinear form is correct, we derive the potential form of the
Sawada-Kotera equation by substituting u = dw/0x into eqn (71) to obtain

Wyt + 45w$2wx7x + 15w, w3y, + 15wwyy, + wee = 0.
Also, we note that eqn (7) becomes

SOl f(xt) L fe
T

which, on substituting into eqn (72), we obtain

_2f$ft - ]-2f5xfx + 30f4:vf:v,m + 2ft,acf + 2f6:vf - 20f3m2
f2
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This equation can be written more succinctly in the following form using Hirota’s bilinear
operator

% (D:Dy+D3) (f - f) = 0. (75)
Hence the bilinear equation equivalent to eqns (71) and (72) is [Dra-92]
B(f-f)= (D.Di+D3) (f - f)=0. (76)

Thus, if f is a solution of eqn. (76), then w from eqn. (73) is a solution to eqn. (72) and
u from eqn. (7) is a solution to eqn. (71).

If we now follow the same procedure as for the two-soliton solution to the KdV equation
we obtain the following solution,

2 ((k22€§1 + ke 4 (ky + k2)2) A28 €2 ((kl — k2)2 ef? + k12) eft + /{:22652)

u =
(]_ + 651 _|_ 652 —+ a12€§1+52)2

(77)

which has the same form as the two-soliton solution to the Boussinesq equation. How-
ever, the Sawada-Kotera equation has different dispersion relations which we obtain by
substituting, in turn, the two terms of f; into eqn. (10), to obtain

C1 = k’il, Cy = ]{33 (78)

Also, on substituting f; and f5 into eqn. (11) we obtain the following expression for the
coupling constant,
(k1® = kiks + ko) (k1 — ka)®

(k® + bk + ko?) (b + ko)

Again, this coupling constant is different to that of the Boussinesq eqn. We now have a
fully defined two-soliton solution to Sawada-Kotera eqn (71). A plot of this solution is
given in Fig (6).

(79)

Q12 =

A Maple program that solves this two-soliton example and generates an animation is
given in Listing (6).

Listing 6: Maple program that uses the Hirota method to derive a two-soliton solution to Sawada-Kotera
eqn (71)

# Hirota bilinear method

# Two-soliton Solution to Sawada-Kotera equation

restart; with(PDEtools): with(PolynomialTools):

with(plots):

alias (u=u(x,t), v=v(x,t), w=w(x,t), f=f(x,t)):

# SW equation

pdel := diff(u,t)+45*u"2*xdiff (u,x)+15*xdiff (u,x)*diff (u,x,x) +

16xuxdiff (u,x,x,x)+diff (u,x,x,x,x,x)=0;

eqnl:=u=diff (w,x);

declare (w) ;

# Derive potential version of pdel

pdela:=subs (eqnl,pdel);

# manually integrate pdela

pdelb:=diff (w, t)+15*diff(w, x) "3+15xdiff (w, x)x*diff(w, x, x, x)+diff(w, x, x,
x, x, x) = 0;

# Differentiate pdelb

pdelc:=diff (pdelb,x);

# Check that integration is correct

testeq(lhs(pdela)=1hs(pdelc));

# Define Hirota Derivatives
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Hirota_Dxm:=(f,g,m)->sum((-1) "r*binomial (m,r)*diff (f,x$(m-r))
x*diff (g,x$r) ,r=0..m);
Hirota_Dtm:=(f,g,m)->sum((-1) "r*binomial (m,r)*diff (f,t$(m-r))
*diff (g,t$r) ,r=0..m);
Hirota_Dxt:=(f,g)->f*diff (g,x,t)-diff (f,x)*diff (g,t)
-diff (f,t)*diff (g,x)+diff (f,x,t)*g;
# Hirota logrithmic transformation (Cole-Hopf)
InFunc:=w=2*diff (1n(f) ,x); # equivalent to: u:=2*diff (1ln(f),x,x)
declare (f):
pde2:=eval (subs (1lnFunc,pdelb));
# Check bilinear transformation is correct
pde3:=simplify (pde2,size);
pde3_chk:=normal (Hirota_Dxt (f,f)+Hirota_Dxm(f,f,6))/f"2=0;
testeq(lhs (pde3)-1lhs(pde3_chk));
# Ansatz for ’f_1°
fll:=exp(k[1]1*(x-c[1]1*t)); f12:=exp(k[2]I*(x-c[2]*t));
fl:=f11+£f12;
# B1=B((1.f + £.1))
Bl:=(ff1)->Hirota_Dxt(1,ff1)+Hirota_Dxt (ff1,1)+
Hirota_Dxm(ff1,1,6)+Hirota_Dxm(1,ff1,6)=0;
eqnia:=B1(f11); # B(1.f1 + f1.1);
eqnib:=B1(f12); # B(1.£f2 + £f2.1);
soll:=solve(simplify({eqnla,eqnibl},symbolic) ,{c[1],c[2]});
assign(soll); # ==>> Dispersion relations
# Ansatz for ’f2’ suggested by equation: B(1.f2+f1.f1+£f2.1)=0
f2:=a[12]*combine (f11xf12) ;
# Two-soliton ancilliary function
F:=1+f1+£2;
B2:=(ff1,ff2)->Hirota_Dxt (1,ff2)+Hirota_Dxt (ff2,1)+
Hirota_Dxm(1,ff2,6)+Hirota_Dxm(ff2,1,6)+
Hirota_Dxt (ff1,ff1)+Hirota_Dxm(ffl,ff1,6);
eqn2:=simplify (B2(f1,£f2) ,size);
al12] :=factor(simplify(solve(eqn2,a[12]),symbolic));
# Two-soliton solution
soln:=u=simplify (2*diff (1n(F) ,x,x),size);;
# Animate result
zz1l:=simplify (subs ({k[1]=1,k[2]=1/2},rhs(soln)),symbolic);
animate (zz1,x=-50..50,t=-30..30,
numpoints=1000, frames=50, axes=framed,
labels=["x","u(x,t)"],thickness=3,
title="Sawada-Kotera Equation: Two-soliton solution",
labelfont=[TIMES, ROMAN, 16],axesfont=[TIMES, ROMAN, 16],
titlefont=[TIMES, ROMAN, 16]);
# Check Solution
pdetest (soln,pdel);

2.7 Two-Soliton solution to the 2D Kadomtsev-Petviashvili equation

The 2D Kadomtsev-Petviashvili (KP) equation is given by,
(u + 6uu, + usy), £ 3uy, = 0. (80)

If we substitute eqn. (7) into eqn. (80) we obtain

2 LG ]+ 6.y — 18f i 24 s f? — 18fu2f?

f4
— 2fuu f, 2+ 6£.21,% + 6o fuf? + Bfafoaf? + 2fvay fuf
+ foafyuf? + 2 Loy 2 — 20> Fyuf + Bfaafof® + 3fuwfraf?
+ faofof? = 6 fuafifof = 8fufuyfof — 23 2+ 6o’ f
+2£0 2 = fisaf® = fool® = Fragf?] =0 (81)
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Sawada-Kotera Equation: Two-soliton solution
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Figure 6: Initial animation profile for Sawada-Kotera equation two-soliton solution, eqn. (77), at t = —30,
for k = 1 and k2 = 1/2. Solitons move left to right with the taller faster soliton overtaking the shorter
slower soliton.

Then, using Hirota’s bilinear operator, the result can be expressed in the following suc-
cinct bilinear form 52
1 4 2
22 |72 (DD + Dy £3D2) (f- f)| = 0. (82)
Hence, integrating twice with respect to x and taking the integration functions to be
zero, the bilinear equation equivalent to eqn. (80) is [Her-91]

B(f - f) = (DeDi+ Dy £3D;) (f - f) = 0. (83)
Thus, if f is a solution of eqn. (83), then u from eqn. (7) is a solution to eqn. (80).
In our analysis we elect to use +3uy, in eqn. (80) and +3D; in eqn. (83).

This problem is the same as the KdV two-soliton problem except that it is two-dimensional
and has a different bilinear equation. Because we are seeking a two-soliton solution,
we use the two-term form of f; that was successful for the KdV two-soliton example,
ie. fi = e + €%, along with the ansatz fo = a126(51+52), where a5 is a coupling
constant yet to be determined. This enables us to construct the auxilliary function,
f =1+¢€fi + e fo. However, because we are dealing with a 2D system, we use the
transformations & = kix + l1x — wit and & = kox + lox — wot.

Again, the form for f; is not an arbitrary choice but, rather, is suggested by eqn (11)
which evaluates to

B(1-fo+ fo. 1)+ B(fi- fi)=B(1- fa+ fo-1)—
6 (ol + kol — Ik — Flo) (—hols + ikt — ok + hala) e,

= 0. 84
s (84)

For eqn (84) to be equal to zero, clearly, the first term must be of the form,
B(l . fg + fg . 1) = (112€€1+52. (85)

We now substitute the auzilliary function f into eqn. (7) to obtain the solution

2 [ara (ke + k3eSt + (ky + ka)?) €572 4 ((ky — ko)?e® + k¥)est + k3et?)]
(a12@§1+52 4+ ef1 4 ef2 + 1)2 ’

(86)

Where, again without loss of generality, we have set € = 1.
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As for the KdV two-soliton solution, we can obtain the dispersion relations by substitut-
ing, in turn, terms 1 and 2 of f; into eqn. (10), to obtain

k435

k34303
kT ‘

. (87)

w1 %)

Also, on substituting f; and f, into eqn. (11) we obtain an expression which can be
solved for the coupling constant in terms of wave numbers, k; and k. This yields,

(Kol + keok? — krk2 — Kl (—kaly + kok? — k2 + kyly)

= . 88
V2T Tholy + kok? + FakE + Foala) (Raly + kak? + ki K3 — e la) (88)

We now have a fully defined two-soliton solution to the 2D KP eqn (80). A plot of this
solution is given in Fig (7).

A Maple program that solves this two-soliton example and generates an animation is
given in Listing (7).

Listing 7: Maple program that uses the Hirota method to derive a two-soliton solution to 2D Kadomtsev-
Petviashvili eqn (80)

# Hirota bilinear method

# Two-soliton Solution to 2D Kadomtsev-Petviashvili (KP) equation

restart; with(PDEtools): with(PolynomialTools):

with(plots):

alias (u=u(x,y,t), f=f(x,y,t)):

# KP equation

pdel := diff (diff (u,t)+6*u*xdiff (u,x)+diff (u,x,x,x),x)+diff(u,y,y);

# Define Hirota Derivatives

Hirota_Dxm:=(f,g,m)->sum((-1) “r*binomial (m,r)*diff (f,x$(m-1r))

*diff (g,x$r) ,r=0..m);

Hirota_Dym:=(f,g,m)->sum((-1) "r*binomial (m,r)*diff (f,y$(m-r))

*diff(g,y$r) ,r=0..m);

Hirota_Dtm:=(f,g,m)->sum((-1) "r*binomial (m,r)*diff (f,t$(m-r))

xdiff (g,t$r) ,r=0..m);

Hirota_Dxt:=(f,g)->f*diff (g,x,t)-diff (f,x)*diff(g,t)

-diff (f,t)*diff (g,x)+diff (f,x,t)*g;

ul :=2xdiff (In(f) ,x,x); # logrithmic transformation

declare (f):

pde2:=eval (subs (u=ul,pdel))=0:

# Check bilinear transform correct

pde3:=simplify (pde2,symbolic);

pde3_chk:=simplify (diff ((Hirota_Dxt (f,f)+Hirota_Dxm(f,f,4) +

Hirota_Dym(f,f,2))/£f72,x,x),symbolic)=0;
testeq(lhs (pde3)=1hs(pde3_chk));

# Ansatz for ’f_1°

fi1l:=exp(k[1]*x+1[1]*y-omega[1]*t); f12:=exp(k[2]*x+1[2]*y-omega[2]*t);

fl:=f11+£12;

Bl:=(ff1)->Hirota_Dxt(1,ff1)+Hirota_Dxt (£ff1,1)+
Hirota_Dxm(ff1,1,4)+Hirota_Dxm(1,ff1,4)+
3x(Hirota_Dym(1,ff1,2)+Hirota_Dym(£f£f1,1,2))=0;

eqnia:=B1(f11); # B(1.f1 + f1.1);

eqnlb:=B1(f12); # B(1.£f2 + £f2.1);

soll:=solve(simplify({eqnla,eqnibl},symbolic) ,{omegal[1l],omegal[2]});

assign(soll); # ==>> Dispersion relations

# Ansatz for ’f2°’ suggested by equation: B(1.f2+f1.f1+£f2.1)=0

f2:=a[12]*combine (f11*xf12) ;

# Two-soliton ancilliary function

F:=1+f1+£2;

B2:=(ff1,ff2)->Hirota_Dxt (1,ff2) +Hirota_Dxt(ff2,1)+

Hirota_Dxm(1,ff2,4)+Hirota_Dxm(ff2,1,4)+
3*x(Hirota_Dym(1,ff2,2)+Hirota_Dym(£f£f2,1,2))+
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Figure 7: Profiles of 2D Kadomtsev-Petviashvili equation two-soliton solution, eqn. (86), for & = 1,
ke = /2,11 = 1/5 and Iz = 5/6. Solitons move right to left with the taller right hand soliton overtaking
the smaller left hand soliton.

Hirota_Dxt (ff1,ff1)+Hirota_Dxm(ff1,ff1,4)+
3xHirota_Dym(£ff1,£f£f1,2);

eqn2:=simplify (B2(£f1,£f2),size)=0;

al12] :=factor(simplify(solve(eqn2,a[12]),symbolic));

# Two-soliton solution

soln:=u=simplify (2*diff (1n(F) ,x,x),size);;

# Animate result

zz1l:=subs ({k[1]=1,k[2]=sqrt(2),1[1]=1/5,1[2]=5/6},rhs(soln));

animate3d(zzl,x=-50..50,y=-50..50,t=-20..20,
frames=10, axes=framed, grid=[100,100],
gridstyle=triangular ,style=patchnogrid, shading=ZHUE,
title="2D-KP Equation: Two-soliton solution",
labelfont=[TIMES, ROMAN, 16],axesfont=[TIMES, ROMAN, 16],
titlefont=[TIMES, ROMAN, 16],labels=["x","y","u(x,t)"],
orientation=[90,0]);

animate3d(zzl,x=-50..50,y=-50..50,t=-20..20,
frames=10, axes=framed, grid=[100,100],
gridstyle=triangular,style=patchnogrid, shading=ZHUE,
title="2D-KP Equation: Two-soliton solution",
labelfont=[TIMES, ROMAN, 16],axesfont=[TIMES, ROMAN, 16],
titlefont=[TIMES, ROMAN, 16],labels=["x","y","u(x,t)"],
orientation=[112,81]);

# Check Solution - takes a long time with Maple 16 !!

# simplify (subs(soln,pdel),symbolic);
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